
P A U L  J O H N  K I N G  

R E C O N C I L I N G  A U S T I N I A N  A N D  R U S S E L L I A N  

A C C O U N T S  O F  T H E  L I A R  P A R A D O X  

I N T R O D U C I N G  T H E  L I A R  

Barwise and Etchemendy's The Liar presents two accounts of the 
semantics of  the liar sentence "this sentence is not true", named 
for Russell and Austin, and informed by situation semantics and 
non-well-founded set theory. The accounts differ over how a speaker 
uses a sentence and the world to express a proposition. 

By a statement we will understand certain sorts of datable 
events, those where a speaker asserts or attempts to assert 
something using a declarative sentence. In contrast, we 
take a proposition to be a claim about the world, the 
kind of  thing that is asserted by a successful statement. 
(The Liar, page 11) 

Under the Russellian account, 

sentences are used to express propositions, claims 
about the world, and these claims are true just in 

case the world is as it is claimed to be. (The Liar, 
page 26) 

Thus, a Russellian statement is an utterance of  a sentence, the 
proposition expressed by that statement is a claim about the world, 
and the proposition is true iff the claim holds. Under the Austinian 
account, 

a legitimate statement A provides two things: a 
historical (or actual) situation sA, and a type of  
situation IrA. The former is just some limited portion 
of  the real world; the speaker refers to it with what Austin 
[in his paper "Truth"]  calls "demonstrative conventions." 
The latter is, roughly speaking, a property of  situations 
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determined from the statement by means of "descriptive 
conventions" associated with the language. The 

statement A is true if SA is of  type TA; otherwise it is 
false. 

While Austin did not use the term "proposit ion," it 
seems in the spirit of  his account to identify what we 
will call the Austinian proposition expressed by A with 
the claim that sA is of type TA, and to individuate such 
a proposition by its two components, the situation 
referred to and the type of  situation it is claimed to be. 
(The Liar, pages 28 and 29) 

Thus, an Austinian statement is a reference to a situation and an 
utterance of a sentence, the proposition expressed by that statement 
is a claim that the situation is of a type, and that proposition is true iff 
the claim holds. 

The Liar models both accounts using standard model theory built 
on non-standard set theory. 

Since the semantic phenomena that concern us involve 
circularity of various sorts, standard set theories, all 
of  which assume the axiom of foundation, are quite 

awkward in that they foreclose the most natural ways 
of  modeling these phenomena. Because of this, we have 
turned to an elegant alternative due to Peter Aczel. In 
this theory the axiom of foundation is replaced with an 
"anti-foundation" axiom, called AFA. This axiom is 
based on an extremely intuitive alternative to the 
cumulative conception of sets, and guarantees the 
existence of  a rich class of circular objects with which 
to model the circular phenomena involved. (The Liar, 
pages 18 and 19) 

Under the Russellian account, the liar occurs in only one 
statement, and so it expresses only one proposition. The Liar shows 
that this proposition is untrue. Therefore, it cannot be a fact in the 
world that the liar proposition is true. However, The Liar also shows 
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that it cannot be a fact in the world that the liar proposition is 

untrue. 

What are we to make of this odd consequence of the 
Russellian account? If we take it seriously, it does 
indeed yield a diagnosis of  the paradox, but a rather 
unsettli.ng one. From this perspective, where our intuitive 

reasoning goes wrong is in thinking that the world 
encompasses everything that is the case. Give up this 
assumption, and the paradox is avoided: the Liar is not 
true, but this fact cannot be a fact in the world, a fact that 
can be truly described. But this is a rather big assumption 
to give up. (The Liar, page 105) 

Rather than infer that the world lacks factual integrity, The Liar 
concludes that Russellian propositions cannot make claims about the 
whole world. 

That  is, we can think of the Russellian's world as 
simply part of  the real total world, a part that a 

proposition can be about. Of course, it cannot encompass 
everything there is, and so there remain facts . . .  which 
lie beyond the scope of the Russellian. (The Liar, pages 
155 and 156) 

Under the Austinian account, the liar occurs in statements that refer 
to different situations, and so it expresses a family of  propositions 
indexed by the situations. The Liar shows that each of  these propositions 
is untrue. Therefore, again it cannot be a fact in the world that a 
liar proposition is true. However, the Austinian account does not 
generate factual 'gaps'. The Liar shows that it is a fact in the world 
that the proposition expressed by a liar statement is untrue. The 
only caveat is that this fact cannot be in the situation the statement 
refers to. 

In our Russellian development, we were confronted 
with an unintuifive partiality of  the world. Liar-like 
propositions generated a host of second-class "facts" 
concerning their truth values which could not actually 
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be incorporated into the world, on pain of paradox. 
This partiality does not infect the Austinian world: the 

truth value of  every proposition is a first-class fact, a 
genuine constituent of  the world. Yet there remains an 

essential partiality. The partiality is not a property of 
the world itself, but of those parts of  the world that 
propositions can be about. Or if we think of  it in terms of 
language, we see that while the world is as total as one 
could want, we cannot, in general, make statements about 

the world as a whole. (The Liar, page 154) 

Though The Liar concludes that Russellian propositions express 
claims about  a proper part  of the world, it could be that the part of 
the world is not limited enough to be an Austinian situation. The Liar 
develops the Reflection Theorem (The Liar, theorem 20, page 157) to 
show that even so, the Austinian account subsumes the Russellian. 
The theorem shows that there is a situation s such that the Russellian 
expression of  the statement comprising an utterance of a sentence ~ is 
true iff the Austinian expression of  the statement comprising a reference 

to s and an utterance of  cr is true. 

Thus, a Russellian can always think of himself as 
expressing a proposition about the whole world, but an 
Austinian will view it as being about some . . .  situation 

(The Liar, page 156) 

However, the Reflection Theorem only shows that the Austinian 
account subsumes part of the Russellian account. The Russellian 
propositions form a proper class, whereas the Russellian statements 
form a set. Thus, there are Russellian propositions that are not 
expressions of  Russellian statements, yet the Reflection Theorem shows 
only that expressions of  Russellian statements have truth equivalent 

Austinian counterparts. 

I N T R O D U C I N G  THIS  P A P E R  

This paper unearths a compelling symmetry between the Russellian 
and Austinian accounts, and exploits this symmetry to construct an 
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embedding that fully immerses the Russellian account in the Austinian. 

It identifies a L6wenheim-Skolem component of the Reflection 

Theorem, and isolates this component as a new theorem. Finally, it 
combines the embedding and theorem to yield a pellucid new proof  of  
an expanded Reflection Theorem. 

Studying the liar requires a syntax capable of  generating the sentences 
uttered in statements that make assertions concerning propositions 

referred to by that statement. The Liar uses one syntax for both 
accounts. A term indicates an object, and a proposition is an object. A 

predicate indicates a relation among objects and an atomic sentence 
comprises a predicate and a sequence of terms. A compound sentence 
comprises a negation, conjunction or disjunction of simpler sentences. 
This paper uses a modest generalisation of  The Liar's syntax. 

Since propositions cannot be directly manipulated, The Liar 
constructs sets to function as models of  propositions. This paper 
uses a variant of  The Liar's definition of  a model of  an Austinian 
proposition, but uses a variant of an alternative definition of a model 
of a Russellian proposition due to Peter Aczel. 1 Both of this paper's 
definitions of  a model of a proposition employ the situation semantics 
notion of  an infon, 2 and yield models isomorphic to the models The 
Liar's original definitions yield. 

This paper models a Russellian proposition as follows. 

1. Model an infon with a tuple comprising a relation, some objects 
and a polarity. Propositions are objects. (Tr, x t , . . . ,  xn, i) models 
the infon that relation ~- holds (if i = 1) or does not hold (if i = 0) 
of the objects X l , . . . ,  Xn. 

2. Model a proposition with an infon, or a conjunction or 
disjunction of simpler propositions. Infon i models the 
proposition that i is the case, conjunction (A, x) models the 
proposition that each proposition in x is the case, and 

disjunction (V, x) models the proposition that some proposition 
in x is the case. 

There is an obvious circularity in this definition. Models of  propositions 
are defined in terms of  models of  infons, which are defined in terms of  
models of propositions! This paper escapes the circularity by choosing 
the largest classes of models that obey steps 1 and 2. 
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This paper models an Austinian proposition as follows. 

1. Model an infon with a tuple comprising a relation, some objects 
and a polarity. Propositions are objects. (~r, X l , . . . ,  xn, i) models 
the infon that relation 7r holds (if i = 1) or does not hold (if i = 0) 

of the objects x l , . . . ,  xn. 
2. Model a situation with a set of  infons. Each and only each infon 

in s is the case in the situation s models. 
3. Model a type with an infon, or a conjunction or disjunction of  

simpler types. Infon i models the type of situation in which i is 

the case, conjunction (A, x) models the type of  situation that is 
of  each type in x, and disjunction (V, x) models the type of situation 

that is of  some type in x. 
4. Model a proposition with a pair comprising a situation and a 

type. (s, t) models the proposition that situation s is of  type t. 

There is an obvious circularity in this definition, too. This paper escapes 
the circularity by again choosing the largest classes of models that obey 

steps 1-4. 
Some propositions are true, and The Liar has methods to identify 

those sets that model true propositions. This paper adapts The Liar's 
methods to suit this paper's models. 

The Liar posits 

a basic relation that holds between a set of  facts and a 
Russellian proposition just in case the facts make the 
proposition true. Then a Russellian proposition will be 
true just in case there is a set of  facts that makes it true, 
and false just in case there is no such set. (The Liar, 
page 27) 

Thus, a Russellian proposition is true iff some set of facts from the world 
makes it true. The Liar calls a set of  facts a Russellian situation. To 
identify those sets that model true Russellian propositions this paper 
must model a Russellian situation, define the makes true relation and 

model the world. 
This paper models a Russellian situation with a set of infons. Each 

and only each infon in s is a fact in the situation s models. If i is an 
infonic proposition then situation s makes i true if i E s. If  (A, x) is a 
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conjunctive proposition then situation s makes (A, x) true iff s 
makes p true for each p E x. I f  (V, x) is a disjunctive proposition then 
situation s makes (V, x) true iff s makes p true for some p E x. This 
paper models a world with a class of Russeltian infons. Each and only 
each member of W is the case in the world W models. If  W is a model 
of the world then Russellian proposition p is true iff some set s c_ W 
makes p true. 

Identifying those sets that model true Austinian propositions needs 
no model of the world. If  i is an infonic type then proposition (s, i) is 
true iff i E s. If  (A, x) is a conjunctive type then proposition (s, (A, x)) 
is true iff (s, t) is true for each t E x. If  (V, x) is a disjunctive type then 
proposition (s, (V, x)) is true iff (s, t) is true for some t E x. 

Successful statements express propositions. A statement made 
using an atomic sentence expresses the proposition that the relation 
indicated by the predicate holds of the objects indicated by the terms. 
A statement made using the negation of sentence ~ expresses the 
proposition that the expression of a statement made using ~ is not the 
case. A statement made using the conjunction (disjunction) of sentences 
or1 and or2 expresses the proposition that the expression of a statement 
made using or1 holds and (or) the expression of a statement made using or2 
holds. 

This seems straightforward enough, but expressing a statement 
can pose formidable problems. The Liar's syntax includes a term this. 
Suppose this occurs in atomic sentence cr and E is a statement made using 
or. Each occurrence of this in cr indicates the proposition expressed by E. 
Thus, the expression of ~ has the expression of E as a component! 

Despite this, The Liar defines a function that assigns each 
Russellian statement a model of the proposition it expresses, and 
a function that assigns each Austinian statement a model of the 
proposition it expresses. This paper also defines an expression function 
for each account, but these definitions differ radically from The Liar's. 

For each account however, this paper's expression function and The 

Liar's expression function assign a statement models of the same 
proposition. 

Notice an arresting symmetry between the way certain Russellian 
models relate to models of Russellian propositions and the way 
certain Austinian models relate to models of Austinian propositions: 
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Russellian propositions generate Russellian infons, situations and 
propositions in exactly the way that Austinian propositions generate 
Austinian infons, situations and types. 

Neither Aczel nor The Liar has a Russellian equivalent of an 

Austinian proposition, but this paper creates one. It defines a 
Russellian assertion as a claim that a situation makes a proposition 
true, and models a Russellian assertion with a pair comprising a 
situation and a proposition. (s,p) models the assertion that 
situation s makes proposition p true. This paper calls Russellian 
assertion (s,p) supported iff s makes p true. The symmetry 
of the previous paragraph continues: Russellian propositions 

generate Russellian assertions and supported assertions in exactly, 
the way that Austinian propositions generate Austinian propositions 
and true propositions. This symmetry is depicted on the following 

page. 
This paper exploits this symmetry to define an injection ~mb from the 

Russellian assertions to the Austinian propositions, and gives a proof  
(due jointly to Peter Aczel and the author) that if a is a Russellian 
assertion then a is supported iff ~mb(a) is true. Consequently, i fp  is a 
Russellian proposition then for some Russellian situation s, p is true iff 
~mb(s,p) is true. This paper then uses ~mb to define a function ~ 
from the Russellian situations to the Austinian situations, and proves 
that if s is a Russellian situation, c~ is a sentence and p is the Russellian 
expression of a statement comprising an utterance of ~ then ~rnb(s,p) 
is the Austinian expression of a statement comprising a reference 
to {s} and an utterance of c~. Thus, each Russellian proposition r has 
an Austinian counterpart  a such that r is true iff a is true, and if r 
is the Russellian expression of  a statement made using sentence 
then a is the Austinian expression of  a statement also made using a. 
Consequently, the Austinian account subsumes all of  the Russellian 
account. 

ffmb does not yield the Reflection Theorem. Like the theorem, 
~mb gives each sentence ~ an Austinian situation s such that the 
Russellian expression of an utterance of  ~ is true iff the Austinian 
expression of  a reference to s and an utterance of  e is true. But 
unlike the theorem, ~mb does not give each sentence the same 
situation. This is because the Reflection Theorem is "a  kind of 
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r~ussellian propositions 
I 

P~ussellian infons fixpoint 

Russellian situations Russellian propos i t ions- -  

supported Russellian assertions C_ P~ussellian assertions 

Austinian propositions 

1 
Austinian infons 

Austinian situations Austinian types 

true Austinian propositions C Austinian propositions 

L6wenheim-Skolem Theorem" (The Liar, exercise 64, page 160). 
It replaces a large world with a small situation, yet preserves the 
veracity of  expressed statements. This paper presents a new 
L6wenheim-Skolem theorem, one that stays within the Russellian 
account. This Refraction Theorem shows that there is a Russellian 
situation s such that the Russellian expression p of  a statement is true 
iff s makes p true. This paper shows that ~rrtb and the Refraction 
Theorem together give a new, perspicuous proof  of  an expanded 
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Reflection Theorem that avoids the artifices and exotica (such as 
protected situations) of The Liar's original proof. 

THE A C Z E L  L E G A C Y  

Neither The Liar nor this paper would exist without Peter Aczel's work 
on non-well-founded sets. This section outlines the pertinent parts of 
Aczel's work. Aczel's Non-Well-Founded Sets contains the proofs this 
section omits. 

Any set s can be pictured by a rooted and directed graph in which 
the nodes of the graph are labelled with sets- such that s labels the 
root, and each node is labelled by the set of its children's labels. 
However, well-founded set theory forbids that all graphs picture 
a set, since a graph containing a cycle pictures no well-founded set. 
Aczel's insight is to ignore this injunction and posit that any graph 
can picture a set. If  3s is a function defined on the nodes of a directed 
graph such that 3s = {3s is a child of x} then call 3s a decoration 
of that graph. 

AXIOM 1. THE ANTI-FOUNDATION AXIOM. Each directed graph 
has a unique decoration. 

Both The Liar and this paper work in Zermelo-Fraenkel set theory 
with atoms and the axiom of choice, but with the foundation axiom 
replaced by the anti-foundation axiom. Let Atom be the class of atoms, 
Sets be the class of sets and Univ be the universe of sets and atoms. 

If  3s is a function on a class X of atoms and gO is a function on the 
universe such that 

{ 3s i f x  E X 

gO(x) = x i f x  E Atom\X 

{gO(y)ly E x} i f x  E Sets. 

then call gO a substitution of 3s 
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L E M M A  2. THE SUBSTITUTION LEMMA.  Each function on a class 
of  atoms has a unique substitution. 

Write ~ for the unique substitution of  Y,. 
If  Y, and go are functions on a class of atoms such that go(x) = ~(y,(x)) 

then call go a solution ofT,. If  Y, is a function on a class of atoms such that 
Range(Y.) C_ Sets then call 3s a system of  equations. 

L E M M A  3. T H E  SOLUTION LEMMA. Each system of equations has a 
unique solution. 

A class operator 3s assigns each class X a unique class Y,(X). Call 
class operator Y, monotone iff Y,(X) C y,(Y) whenever X _C Y, and call 
X set based i f fy  ~ y,(x) for some set x ___ X whenever y ~ Y,(X). Call 
a class operator set continuous iffi t  is monotone and set based, Call class 
X a fixpoint of class operator Y, iff X = Y,(X). Call fixpoint X of  
class operator Y, a largest fixpoint of  Y, iff Y c_ X whenever Y C_ 3s 

L E M M A  4. THE LARGEST FIXPOINT LEMMA. Each set 
continuous class operator has a unique largest fixpoint. 

L E M M A  5. I f  go and 3 are set continuous class operators then so is Y,, 
where Y,(X) = 3(go(X)) for each class X. 

Proof Y, is easily monotone. To show that Y, is set based, let z E Y,(X). 
There must be sety _C go(X) such that z E 3(Y).  t E g0(X) for each t c y, 
so there must be set xt _c X such that t E go(xt). Let x = U{xtlt C y}. 
Then y _C go(x). Hence, z E y,(x). []  

L E M M A  6. I f  go and 3 are set continuous class operators then so is Y,, 
where Y,(X) = go(X) x 3 ( X )  for each class X. 

Proof Y, is easily monotone. To show that Y, is set based, let 

(u, v) c Y,(X). There must be sets y, z _c X such that u E go(y) and 
v E 3(z).  Let x = y UI z. Then (u, v) c y,(x). []  

SENTENCES 

Each term indicates an object. Each term is either a name, a 
demonstrative or a sentence. Each name indicates an object other 
than a proposition, each demonstrative indicates a proposition and 
each sentence indicates the proposition it is used to express. Each 
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term has a sort according to the kind of object it indicates. Let prop be a 
distinguished sort. Each term of sort prop indicates a proposition. Thus, 

each demonstrative and sentence is of sort prop, but each name is of some 
other sort. 

Each predicate indicates a relation among objects. Each predicate 
has an arity according to the sort of terms it takes to form an atomic 
sentence. If  the arity of  predicate 7r is ( s l , . . . ,  s,), the sort of term "rl is 

Sl,. �9 the sort of  term Tn is Sn then (TrT1 . . .  "rn) is an atomic sentence. Let 
true be a distinguished predicate with arity (prop). true indicates than an 
object is true. Each compound sentence is constructed from simpler 
sentences by negation, conjunction, disjunction or the marking of a 
special scope. 

Let Name be the set of names, Pred be the set of predicates and Sort 

be the set of  sorts. Let |  be the function that assigns each name 
its sort and 9.1tit be the function that assigns each predicate its arity. 
Names, predicates, sorts, name sort assignments and predicate 
arity assignments vary for each language. Let Demo be the set of 
demonstratives. Demonstratives are fixed for each language. 
Demo = {this, thah,  that2, that3, . . .}.  Let Term be the set of terms 
and Sent be the set of sentences. Let |  be the function that assigns 
each term its sort. Terms, sentences and term sort assignments are 
defined simultaneously. Term and Sent are the smallest sets such that 3 

if u E Name then u E Term and | = | 
if 6 E Demo then 6 E Term and ~ort(~) = prop, 

if a E Sent then a E Term and ~o t t (a )  = prop, 

if 7r E Pred, "q E Term, . . . ,  "r, E Term 

and 9/vtt(zr) = ( |  | 
then (Zrrl...'rn) E Sent, 

if 0 E Sent then not cr E Sent, 
if 01 E Sent and a2 E Sent then (01 and 02) E Sent, 
if 01 E Sent and 02 E Sent then (01 or 02) E Sent, and 
if 0 E Sent then J, 0 E Sent. 

PROPOSITIONS 

Let each name and predicate be an atom. Let 0, 1, A and V be atoms 
also. Assume Name, Pred and {0, 1, A, V} are pairwise disjoint. For  
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each class X, let OOttx : Name U X ~ Sort by 

f | if u E Name 
@O~tx(u) 

l prop otherwise; 

let 

let 

463 

@itu(X) = {x E Setslx C_ X}; 

and let ff~rjpr be the smallest class Y such that 
if x e % then x E Y, 
if set x C_ Y then (A, x) E Y, and 
if set x _C Y then {V, x) E Y. 

Clearly, 3nf0 and | are set continuous class operators. 

PROPOSITION 7. f~OPe is a set continuous class operator. 
Proof. ff0pe is easily monotone. For each class X, let 

X(X) = U{ffOpe(x)lset x C X}. 

To show that fft)pe is set based, it suffices to show that 2~Ope(X ) _c 3E(X) 
for each class 2,. 

x E X  

{x} _C X and x E Et)pe({x}) 

x ~ ~ (x ) .  (i) 

For each y E 3E(X), choose set ay c X such that y E fft~pe(ay). For each 
set x C_ 3E(X), let bx = U{ayIy E x}. 

x c x ( x )  

x C fft~pe(bx) 

(A, x) ~ ffOpe(bx) and (V, x) E ~Ope(bx) 

(A, x) E 3~(X) and (V, x) E 3;(X). (ii) 

By (i) and (ii), T, Ope(X) C ~(X) .  [] 

3n~o(X) = {Qr, x l , . . . ,  x , ,  i) E Pred • (Name • X)* • 

x {0, l}tgarit(~)= (~ort~(x~), . . . ,  ~mx(x,)>};  
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For each class X, let 

and let 

 u t(x) =  itu( nf0(x)) x zope( nfo(x)). 

Both 9~uas and ~ t  are set continuous class operators by Lemmata 5 
and 6, and so both have unique largest fixpoints by Lemma 4. Let Propn 
be the largest fixpoint of 9~u~ and let Propn be the largest fixpoint of 

Let 

Notice that 

InfoR = 3nfo(Propg), 

SituR = ~itu(InfoR), and 

AsstR = SituR x PropR. 

PropR = ~t~pe(Infok). 

The members of PropR, InfoR, SituR and AsstR are models of Russellian 
propositions, infons, situations and assertions respectively. 4 

Let 

Infoa = ~n~o(Propa), 

SituA = ~itu(Infoa), and 

Typea = f~t)pe(Infoa). 

Notice that 

Prop~ = Situa • TypeA. 

The members of PropA, InfoA, Situ~ and TypeA are models of Austinian 
propositions, infons, situations and types respectively. 5 

TRUE PROPOSITIONS 

For each class X, let | be the smallest class Y such that 
if x E | and y ~ x then (x, y) ~ Y, 
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if x E | set y ___ fft~pe(Y) and (x, z) E Y for each z E y 

then (x, (A,y)) E Y, and 
if x E | set y C fft~pe(X) and (x, z) E Y for some z E y 

then (x, (V,y)) E IT. 

Let 

SuppR = | 

and 

Suppx = | 

If X is a class then 

Thus, 

and 

@upp(X) C | x ff~tjpe(X). 

SuppR C_ AsstR 

SuppA C_ PropA. 

The members of  SuppR and SuppA model supported Russellian 
assertions and true Austinian propositions respectively. 

SuppR does not model Russellian truth. A Russellian proposition is 
true iff the world is as the proposition claims it is. Therefore, a fully 
modelled Russellian semantics needs a model of the real world. On 
the other hand, SuppA does model Austinian truth. However, not 
every member of SituA models a real situation, a limited part of the 
real world. Therefore, a fully modelled Austinian semantics also needs 
a model of the real world. Each class of  Russellian infons is a model 
of a Russellian world, and each class of  Austinian infons is a model of  
an Austinian world. Each member of  Wis a fact in the world Wmodels. 

If  W is a class of Russellian infons and p E PropR then let W ~ p 
iff (s,p) E SuppR for some set s c_ W. Thus, W ~ p iff some situation 
in the world W models makes the proposition p models true. If  W 
models the real world then W ~ p i f fp  models a true proposition. 
Thus, ~ models Russellian truth. 

Of course, one class of infons cannot be isolated as a model of  the 
real world, Russellian or Austinian. However, certain classes of  infons 
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can be rejected as models of the real world. Call a world incoherent 
iff some infon and its dual are facts in that world. Call a world 
dishonest iff the truth of  some proposition is a fact in that world yet 
the proposition is untrue, or the untruth of  some proposition is a 

fact in that world yet the proposition is true. Call class W of  RusseUian 
infons weak iff 

if Qr, X l , . . . ,  Xn, i) E W then (Tr, x l , . . . ,  xn, 1 - i) f[ W, 
if (true,p, 1) E Wthen  W ~ p ,  and 
if (true,p,0) E Wthen  W ~ p .  

Similarly, call class W of  Austinian infons weak 6 iff 
if (Tr, XI , . . .  Xn, i) E W then (Tr, x l , . . . ,  xn, 1 - i) f[ W, 
if (true,p, 1) E W t h e n p  E SuppA, and 
if (true,p, 0) E W then p r SuppA. 

A model of a coherent and honest world must be a weak class of 

infons. Intuitively, the real world is both coherent and honest. Therefore, 
if our intuitions are correct then a model of the real world must be a 

weak class of infons. 

EXPRESSION 

Let 

ContR = {EIt~ : {that1, that2, that3, . . .}  ~ PrOpR U Sent} 

and 

COntA = {~[E : {that1, that2, that3, . . .} --* PropA O Sent}. 

the members of ContR and ContA are Russellian and Austinian 
contexts respectively. A context gives the proposition indicated by 
each occurrence of a that demonstrative. If E(thati) is a proposition 
then each occurrence of that/indicates E(thati). If  E(thati) is a 
sentence then each occurrence of that/indicates the proposition 
expressed by a statement made using E(thati). 7 

Unfortunately, giving the proposition indicated by each occurrence 
of the this demonstrative is less straightforward. Essentially, each 
occurrence of  this indicates the proposition expressed by a statement 
made using the sentence in which it occurs. However, the first 
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occurrence of  this in 

(not(true this) and (true this)) 

for example, occurs in three sentences: 

(true this), 

not(true this), and 

(not(true this) and (true this)). 

It could feasibly indicate the proposition expressed by a statement made 
using any of  these three. 

The scope symbol ; disambiguates this ambivalence. An occurrence 
o of  this in a sentence s indicates the proposition expressed by a 
statement made using the largest subsentence s' of  s containing o 
such that s' does not begin with .[ and each subsentence o r s '  containing 
o does not begin with ~. For example, the first this in 

(,[ not(true this) and (true this)) 

indicates the proposition expressed by a statement made using 

(not (true this)), 

and the second this indicates the proposition expressed by a statement 
made using 

(~ not(true this) and (true this)). 

Let . :  {0, 1} x {and, or} --~ {A, V} by 

1 �9 and = A, 

1 * or : V, 

0 * and = V and 

0 * o r : A .  

If  E E C o n t R  then let ~3a~ : S e n t  x S e n t  x {0, 1 } -~ P r o p R  by 

fl3afiR((Tr'rl... 7-n), p,  i)  = @,  X1, . . . , Xn, i)  
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where xj = 

if ~ E Name 

~3a~(73, p, 1) if "0 E Sent 

~3a~(p,  p, 1) if ~ is this 

~(~) if ~ is thatk 

and ~(~) E PropR 

~3a~(~(-~), ~(~),  1) if 73. is thatk and ~(~) E Sent, 

fl3a~(not a, p, i) = fl3n~(cr, p, 1 - i ) ,  

ma[~R<(Ol and  o'2) , p, i> = 

= (i * and, {~a~R(O'l ,  p, i), ~3a~(cr2, p, i>}>, 

~Ia~R<(O" 1 o r  O'2),p , i) = 

= (i * or, {~7a~(al, p, i), tiTan(a2, p, i)}), and 

~3a~($ or, p, i) = ff/a6(~r, ~r, i). 

ff;n~<cr, p, i) is almost the Russellian expression of a statement 
made using sentence ~r, except that any unscoped occurrence of 
this in a indicates the proposition expressed by a statement made 
using p, and that the expression is negated if i = 0. 

Since the definition of O a ~  is non-well-founded, it is not 
immediately clear that ~3a~ is well-defined. The proof of the 
following proposition uses the solution lemma (Lemma 3) to show 
that ~3a~ is well-defined. It is typical of many of the proofs in this 
paper. 

PROPOSITION 8. I f  �9 E ContR then ~ a ~  & well-defined. 
Proof. Ifcr E Sent, p E Sent and i E {0, 1} then let [cr, p, i] E Atom. 

Let 3s be the system of equations 

~[(71"/-1... 7-n) ,/9, i] = <Tr, X l , . . .  ,xn,  i> 



RECONCILING ACCOUNTS OF THE LIAR 469 

where xj = 

rj 

p, 1] 

= [p ,p ,  1] 

[r r 1] 

if rj E Name 

if ~3 E Sent 

if ~3 is this 

if ~ is thatk and E(~)) E PropR 

if ~3 thatk and E(~)) E Sent, 

3E[not or, p, i] = 3E[~r, p, 1 - i], 

�9 [(o" 1 and 0"2) ,/9, i] = (i * and, {[crl, p, i], [o'2, p, i]}), 

~[(cr 1 or ~r;),p,i] = (i* or,{[Crl,p,i], [crz,p,i]}), and 

X[.L or, p, i] = 3~[~, cr, i]. 

By Lemma 3, 3E has a unique solution ~.  For each o- E Sent, p E Sent 
and i E {0, 1}, put 

fl3a~ (~r, p, i) = ~[~r, p, i]. 

Then ~3a[~ is a function obeying the requisite definition. Suppose 
~Ta[' is also a function obeying the requisite definition. For each 
cr E Sent, p E Sent and i E {0, 1}, let 

~'[~r, p, i] = fl3a['(~r, p, i). 

Then ~ '  is also a solution of 3~. Thus, 

and so 

fUa[ ~ = ~ a ~ .  

Thus, ~3a~ is the unique function obeying the requisite definition. 
It only remains to show that fl3a[~ has the requisite range. 

PropR c_ ffttte~( PropR U Range(~3a~) ) 

and, by induction on the complexity of or, 

90a~ (o', p, i} E 9lttss( PropR U Range( gJa[~ ) ) 



470 PAUL JOHN KING 

for each c~ E Sent, p E Sent and i E {0, 1}. Therefore, 

PropR U Range(fl3a~) C_ 9~U~s(PrOpR U Range(O3a~) ). 

So, since PropR is the largest fixpoint of ~tu~, 

PropR U Range(fl3a~) C PropR. 

Thus, 

Range(fl3a~) C_ PropR. [] 

The Russellian expression of a statement made using sentence cr is 
won from ~Ja~ by ensuring that each unscoped occurrence of this 
in cr indicates the proposition expressed by a statement made using a, 
and that the expression is not negated. If E E ContR then let 
~p~ : Sent ~ PropR by 

Call ff~p~ the Russellian expression function (under g). 8 
Ausfinian expression is similar to Russellian expression, but 

the situation referred to by an Austinian statement occasions a 
more complex definition. If E E ContA then let ~ a ~  : SituA x 
Sent x Sent x {0, 1} -* PropA and ~ a ~  : SituA x Sent x Sentx 
{0, 1} --+ TypeA by 

~ a ~  (s, a, p, i) = (s, ~ { s ,  a, p, i)/, 

~ a ~  (s, (~r'rl . . .  ~-n), P, i) = (zr, x l , . . . ,  Xn, i) 

~)- if ~3 E Name 

~afiA(s,~,p , 1) if~) E Sent 

~3a~ (s, p, p, 1) if ~-j is this 

wherexj  = ~(~) 

~a~<s,  E(~)), r 1> 

if ~3 is thatk 

and E(~9- ) E PropA 

if "~ is thatk 

and E(~)) E Sent, 
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~a~A(S, not a,p , i )  = ~ ( s , a , p ,  1 - - i ) ,  

~ A @ '  (O'1 and 02) , p, i) 

= (i * and, (~-a~  {s, o'1, p, i), ~--~a~A (S , 0-2, P, i)}), 

~ a ~ ( s ,  (~rl or 0-2), P, i) 

= (i* Or,{~a~A(S,~l,p,i),~afiA{S,~r2, p,i}}),  and 

As in the Russellian case, f~afiA(s , or, p, i) is a lmost  the Austinian 
expression of  a s tatement made  using situation s and sentence a, 
except that  each unscoped occurrence of  this is o- indicates the expression 
of  a s tatement made  using s and p, and that  the expression is negated if 
i = 0 .  

P R O P O S I T I O N  9. I f  E E ContA then flJafi A and ~ f i A  are well-defined. 
Proof. I f s  E Situa, ~ E Sent, p E Sent and i E {0, 1} then let 

Is, a, p, i ]E Atom and Is, a, p, i~ E Atom. Let �9 be the system of  
equat ions 

2E[s, or, p, i] = {s, Is, 0-, p, i~), 

~IS,  (TrTl. . .  Tn) , p, i~ = @', X1 , . . .  , Xn, i) 

where xj = 

[s,>p, l] 
= [s,p,p, 1] 

Is, r  1] 

if D E Name 

if ~). E Sent 

if  ~)- is this 

if  7)- is thatk and ~(~).) E PropA 

if ~9 is thatk and ~('0) E Sent, 

~Is,  not 0-,p,i~ = ~Is,  0-, p, 1 -  i~, 

3E~s, (al and 0-2), p, i~ = (i * and, {Is, 0-1, P, i~, Is, a2, p, i~}), 

~I(O'1 or  0-2), p, i~ = (i * or,  ( I s ,  0-1, p, i~, IN, 0-2, p, i~}) and 
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By Lemma 3, 3Z has a unique solution ~3. For each s E SituA, ~r E Sent, 
p C Sent and i C {0, 1}, put 

f lgn~ (s, or, p, i) = ~0 [s, (r, p, i] 

and 

~ ( s , a , p , i )  = V~s,a,p,i~. 

It only remains to show that ~3a~ and ~d-a~ have the requisite ranges. 

Propa C_ ~ust(PropA U Range(fOa~) ) 

and, by induction on the complexity of ~r, 

~a~(s ,  a, p, i) �9 ~uss(PropA U Range(~a~A) ) 

for each s �9 SitUA, a �9 Sent, p �9 Sent and i E {0, 1}. Therefore, 

PropA U Range(~a~) C ~ttst(Propa U Range(fl3a[~) ) 

and 

Range(~a~) C_ ~tt~s(PropA U Range(flTa~A) ). 

So, since PropA is the largest fixpoint of 92~t, 

Propa U Range(fl3a~) c_ PropA 

and 

Thus, 

and 

Range(~n~) C_ ~ttss(PropA). 

Range(~a~) C PropA 

R a n g e ( ~ )  C TypeA. [] 

The Austinian expression of a statement made using situation s and 
sentence ~r is won from ~3a~ by ensuring that each unscoped occurrence 
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of this in ~r indicates the proposition expressed by a statement made using 
s and or, and that the expression is not negated. If g E ContA then let 
~ p e  A : Situ x Sent ---+ PropA by 

~:pA I,S, or) = ~7a~ (s, ~r, or, 1). 

Call ~ p ]  the Austinian expression function (under E).9 

THE E M B E D D I N G  

Let ~mb : AsstR --* PropA and ~rnb : ASStR ~ TypeA by 

~mb(s,p) = ({~mb(s, i)[i E s}, ~mb(s,p)), 

~lllb(S, (Tr, X l , . . .  , X n ,  i )  ) = (7"f, Y l ,  " " " , Y n ,  i )  

xj if xj E Name 

where yj = ~rnb(s, xj) if xj E PropR, 

�9 mb(s, (A, x)) = (A, {~mb(s,p)[p E x}}, and 

~rnb(s, (V,x)) = (V, {~mb(s,p)l p E x}}. 

A 

PROPOSITION 10. ~mb and ~rnb are well-defined. 
Proof. If a E ASStR then let [a] E Atom and ~a~ E Atom. Let 3E be the 

system of equations 

3s = ({~(s, i)~li E s}, ~(s,p)~), 

�9 , x , ,  = , y , ,  i) 

xj if xj E Name 

where yj = [(s, xj)] if xj E PropR, 

3E~(s, f',/L x)}~ = (A, {~(s,p)~lp E x)}, and 

3E~(s, (V, x))~ = (V, {~(s,p)~l p E x)}. 

By Lemma 3, 3E has a unique solution ~0. For each a E AsstR, put 

em (a) = 
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and 

c r a b ( a )  = 

To show that ~mb and ~mb have the required ranges, let 

Prop = {~mb(a)[a E AsstR}, 

Info =-{~mb(s, i)[s E SituR and i E InfoR}, 
A 

Situ = {{~mb(s, i)[i E s}[s E SituR}, and 
A 

Type = {~mb(s,p)[s E SituR and p E PropR}. 

Firstly, 

Secondly, 

Info C 3nfo(Prop). 

Situ C_ | 

Thirdly, for each s E SituR, let 

Xs = {p E PropRl~mb(s,p) E XOpe(Info)}. 

Then, for each s E SituR, 

if i E InfoR then i E Xs, 

if set x g Xs then (A, x) E Xs, and 

if set x C_ Xs then (V, x) E Xs. 

Thus, for each s E SituR, 

Prop~ C_ Xs. 

Therefore, 

Finally, 

By (i)-(iv), 

Type C_ 5~ope(Info). 

Prop c_C_ Situ x Type. 

Prop C_ 9.lust(Prop). 

(i) 

(ii) 

(iii) 

(iv) 
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Hence, 

Prop C PropA 

and, by (i) and (iii), 

Type c_ TypeA. 

Therefore, 

and 

Range(~mb) C PropA 

A 

Range(~mb) C_ TypeA. E] 

A A 

This paper constructs quasi-inverses 2ntJ and 2nt~ of ffrnb and ~mb. 
Let 3nD : PropA ~ AsstR and 2nv : TypeA --* PropR by 

A 

2nD(s, t) = ({2n~(i)[i 6 s}, 2ntJ(t)), 
A 

2nt~(zc, xl, . . . ,xn, i) = (Iv, y1 , . . .  ,y, ,  i) 

xj if xj 6 Name 

w h e r e y j =  3-'~(t) i fx j i s  (s,t) EPropA, 

A 

3ntJ(A, x) = (A, {3no(t)lt 6 x}), and 
A 

2nD(V,x) = (v, {2nv(t) l t  E x}). 

PROPOSITION 11.2nt~ and 2nt~ are welLdefined. 
Proof. It suffices to show that 2no is well-defined. If t E TypeA then 

let It] E Atom. Let 3E be the system of equations 

~[(Ir, x l , . . .  ,xn, i)] = (Tr, y l , . . . , yn ,  i) 

where yj = [ xj if xj E Name 

[ It] if xj is (s, t) C Propa, 

3El(A, x)] ---- (A, {[tilt E x}), and 

.~[(v, x)] = (v, {[tilt c x}). 
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By Lemma 3, 3s has a unique solution ~.  Put 

3n (x) = Ix]. 

To show that 3nt~ has the required range, let 

Prop = {3nv(t)I t E Typea}, and 

Info = {3nt~ (i)li E InfoA }. 

Firstly, 

Secondly, let 

Then 

Thus, 

Therefore, 

Info C 3nfo(Prop). 

X = {t E TypeA[3n~(t) E ff, tJpe(Info)}. 

if i E InfoA then i E X, 

if set x C X then (A, x) E X, and 

if set x C X then (V, x) E X. 

Type a C_ X. 

Prop C_ ff, ope(Info). 

By (i) and (ii), 

Prop C_ ~u~s(Prop). 

Hence, 

Therefore, 

Prop C_ PropR. 

Range(3nt~) C_ PropR. 

L E M M A  12. I f  s E Situg and p E PropR then 3nt~(~mb(s,p)) = p .  

(i) 

(ii) 

[]  
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Proof. If a 
equations 

For  each s E 

and 

r AsstR then let [a]E Atom. Let 3~ be the system of 

Y.[<s, <Tr, x l , . . .  ,Xn, i))] = (Tr, y l , . . .  ,y~, i) 

where yj = ~ xj if xj E Name 
( [Is, xj)] if xj E PropR, 

X[(s, (A, x))] = (A, {[(s,p)][p E x}}, and 

3E[(s, (V,x))] = (V, {[(s,p)][p E X}). 

SituR and p r PropR, put 

= (emb <s, p>) 

3[<s,p)] =p. 

Both ~ and 3 are solutions of  3~. By Lemma 3, �9 has a unique 
solution. Thus, for each s E Situ~ and p E PropR, 

A 

3. (emb(s,p)) = p. 

L E M M A  13. I f a  E AsstR then 3nD(emb(a)) = a. 

PROPOSITION 14. ~mb is injective. 

PROPOSITION 15. a E Supp8 /f f  ~mb(a) E SuppA. 1~ 
Proof. Let 

SR = {a E AsstR[emb(a) E SuppA}, and 

SA = {p r PropAl3nt~(p) E SuppR}. 

It suffices to show that SuppR C_ SR and, by Lemma 13, that 
Supp~ C_ S~. 

CLAIM. SuppR c_ SR. 
Proof of  claim. Firstly, 

s E SituR and p E s 

{emb(s, i)[i E s} E SituA and 

emb(s,p) E {emb(s, i)]i E s} 

[] 



478 PAUL JOHN KING 

Secondly, 

Similarly, 

Thus, 

A A 

=> ({emb(s, i)[i E s}, ~mb(s,p)) E Suppa 

=:~ ~mb{s,p) E SuppA 

(s,p) E SR. 

s E 6ituR, set x C_ PropR and (s,p) E SR for each p E x 

{~mb (s, i) l i E s} E SituA, set {~mb(s,p) lp e x} c_ TypeA 

and ({~mb(s, i)li e s}, ~mb(s,p)) E Suppa 

for each p E x 
A 

{ { ~mb(s, i) [i e s}, (A, { ~mb(s,p) lp E x})) E SuppA 

=~ ~mb(s, (A,x)) E Suppa 

(s, (A, x)) E SR. 

s E Situn, set x C_ PropR and (s,p) E SR for some p E x 

(s, (v, x)) ~ sR. 

SuppR C SR. [] 

CLAIM. Suppn C_ SA. 
Proof of claim. Firstly, 

s E SituA a n d t E s  

{~n"~(i)[i E s} E SitUR and ~no(t) E {~nt~(i)li E s} 

( {~n~ (i)] i E s}, ~nt~ (t)) E SuppR 

~nt~{s, t) E SuppR 

(~, t) E Sa. 
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Secondly, 

Similarly, 

Thus, 

s E Situa, set x C TypeA and (s, t) E SA for each t E x 

{~nla(i)li E s} E Situs, set{~nt~(t)[t E x} C PropR 

and ({~nla(i)li E s}, ~nt~(t)) E SuppR for each t E x 

({~n13(i)[i E s}, (A, {3nv(t)[t E x})) E SuppR 

=:> ~rm(s, {A, x)) E Supp.~ 

s E Situa, set x C TypeA and (s, t) E Sa for some t E x 

(s, (v,x)) &. 

Suppa C_ Sa. [] [] 

Let { } : SituR ~ SitUA by 

{s} = {~mb(s, i)li ~ s}. 

L e t ,  : Situg x ContR ---+ Conta such that 

s �9 g ( t h a t i )  = 
grab(s, ~(thati)) 

~ ( t h a t i )  l 

if ~(thati) E PropR 

if E(thati) E Sent. 

LEMMA 16. l f r  E ContR, s ~ SituR, ~r E Sent, p ~ Sent and i e {0, 1} 
then 

Proof. Fix s E SituR and �9 E Conte. If a E Sent, p E Sent and 
i E {0, 1} then let [or, p, i] E Atom and ~cr, p, i~ E Atom. Let 3~ be the 
system of  equations 

�9 [,, p, i] = ({s}, ~ ,  p, i~), 

3~{(rcrl . . .  rn), p, i~ = (r Xl . . . .  , xn, i) 
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For each a 

and 

where xj = 

['0, P, 1] 

= [p,p, 1] 

embO, r 

[r r  1] 

�9 [~not a, p, i~ = ~ a ,  p, 1 - i~, 

~ ( 0 1  alld 0"2) ' p, i~ = (i * and,  {~0"1, p, i~, ~0"2, P, i~)),  

3~(al or cr2), p, i~ = (i * or, {~Crl, p, i~, ~cr2, p, i~}), and 

t~  ~ 0",p,~ = ~0", ~, i~. 

Sent, p ~ Sent and i ~ {0, 1}, put 

~[a,  p, i] = ~mb(s, ~ a ~ ( a ,  p, i)) 

if-O E Name 

if ~3. e Sent 

if Tj is this 

if ~) is thatk and ~(~)) ~ PrOpR 

if "~ is thatk and ~(~).) E Sent, 

ffJ~a, p, i ~ = ~m'mb(s, ~ a ~  (a, p, ill. 

By induction on the complexity of a, 

~0 . ,p , i~  = ~(X~a,p,i~).  

Therefore, ~ is a solution of  3r For each ~ E Sent, p E Sent and 
i E {0, 1 }, put 

3[~, p, i] = ~ a ~ * r  ~, p, i) 

and 

By induction on the complexity of a again, 

Therefore, 3 is also a solution of ~. By Lemma 3, �9 has a unique 
solution. Thus, for each ~ e Sent, p C Sent and i e (0, 1}, 

[]  
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P R O P O S I T I O N  17. I f E  E ContR, s E SituR and ~r E Sent then 

481 

THE R E F R A C T I O N  THEOREM 

L E M M A  18. I f  (s,p) E SuppR, s ~ E SituR ands C s' then (s',p} E SuppR. 
Proof Let  Supp be the un ique  class o f  Russe l l ian  asser t ions  such tha t  

(s,p) E Supp iff  

i f  s '  E SituR and  s C_ s '  then (s~,p} E SuppR. 
I t  suffices to show tha t  SuppR C_ Supp. Firs t ly ,  

s E SituR and  p E s 

=~ i f  s ~ E SituR a n d  s C_ s ~ then p E s r 

i f s  ~ E SituR and  s C_ s ~ then (s~,p) E SuppR 

(s,p} E Supp. 

Secondly,  

Similarly,  

Thus,  

s E SituR, set x C_ PropR and  (s,p) E Supp for  e a c h p  E x, 

=~ i f  s ~ E SituR and  s E s ~ 

then s t E SituR, set x C PropR 

and  (s~,p) E SuppR for  e a c h p  E x 

=~ i f  s '  E SituR and  s C_ s '  then (s ' ,  (A, x)) E SuppR 

(s, (A, x)) E Supp. 

s E SituR, set x c PropR and  (s,p) E Supp for  some p E x 

=~ (s, (V,x))  E Supp. 

SuppR C_ Supp. D 

I f  E E ContR, W is a class o f  Russe l l ian  infons and  s E SituR such tha t  

for  each ~r E Sent then  call s a E -window o f  W. 51 
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T H E O R E M  19. T H E  R E F R A C T I O N  T H E O R E M .  I f ~  E ContR and 

W is a weak class ofRussellian infons then there is some set s c_ Wsuch  

that s is a weak ~-window o f  W. 

Proof  Let 

S = {or c Sent  I m ~ e~:peR(c~)}. 
Choose a funct ion 3i : S ~ P o w ( W )  such that  

(~(a) ,  ~tp~(a))  E SuppR 

for  each a E S. Let  gO : P o w ( W )  ~ Pow(PropR) by 

gO(s) = {p ~ Propel<true,p, 1) E s}. 

Then,  for  each set s c_ W, 

p ~ gO(s) 

(true, p, 1) E s 

(true,p, 1) E W 

W ~ p. since W is weak 

Fo r  each set s c_ W, choose a funct ion 3s : gO(s) ~ P o w ( W )  such that  

(3,(p),p) ~ SuppR 

for  each p E gO (s). Let  

so = URange(Y.). 

For  each i E N, let 

si+ l = si U (URange(3s,) ). 

Let  

s = U{s/li E N}. 

CLAIM.  s is a set and s C_ W. 

Proof o f  claim, so is a set and so c_ W. For  each i E N, if si is a set and 
siC_ W t h e n  si+l is a set and si+a c_ W. Therefore, s is a set and s c_ W. [ ]  

CLAIM.  s is weak. 

Proof  o f  claim. Firstly, 

(Tr, x l , . . . , x n ,  1) E s and Qr, x l , . . . , x n , 0 )  E s 

(Tr, x l , . . . , x n ,  1) E W a n d  (Tr, x l , . . . , x n , 0 )  E W 

=~ contradict ion,  since W is weak 
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Therefore, 
if (Tr, x l , . . . , x n ,  i) E s then (Tr, x l , . . . , x n ,  1 - i} f{ s. 

Secondly, 

Finally, 

(true,p, 1) E s 

for some i E N, (true,p, 1) E si 

for some i E N,p E ~(si) and (3~,(P),P) E SuppR 

for some i E N, 3~(p) _c si+l and (3~(P),P) E SuppR 

for some i E N, 3~(P) c_ s and (3~(P),P) E SuppR 

=~ s~-p .  

(true,p, O) E s and s ~ p 

=~ (true,p, 0) E W and W ~ p 

contradiction, since W is weak 
Therefore, 

if (true,p,0) E s is then s ~;p. 

CLAIM. s is a ~-window of  W. 
Proof  o f  claim. 

w 

~ a E S  

Q~(cr), ~:p~(o-)) E SuppR 

for some s' C_ So, (s', ~2:p~(cr)) E SuppR 

for some s' C_ s, (s', ~p~(~))  E SuppR 

(s, ~$p](~)} E SuppR. by Lemma 18 

Conversely, it is immediately obvious that 
if (s, ~$p~(a)) E SuppR then W ~ ~p~(cr). 

[] 

D [ ]  

THE REFLECTION THEOREM 

L E M M A  20. I f  s E SituR is weak then ~s~ is weak. 
Proof. Firstly, 

=~ for some il, i2 E s, 



484 PAUL JOHN K I N G  

A 

(~r, x l , . . .  ,Xn, 1) = ~mb(s, il) and 

(% X l ,  . . . ,Xn,  O) = erab(s, i2) 

for some il, i2 E s, 
A 

3nt~(Tr, x l , . . . ,  x, ,  1) = 3n~(~mb(s,  il)) and 

3n~ (Tr, x l , . . . ,  x, ,  0) = 3ntJ(~mb(s, i2)) 

3ntJ(Tr, x l , . . .  ,x , ,  1) E s and 
A 

3nt)(Tr, Xl , . . .  ,Xn ,O  } E S by L e m m a  12 

for some Yl , . . .  ,Yn E Name U Propn, 

(~r, y l , . . . ,yn ,  1) E s and (Tr, y l , . . . , y n , 0 )  E s 

contradiction,  since s is weak 
Therefore, 

if Qr, x l , . . . , x , , i )  E ~s~ then Qr, x l , . . . ,Xn ,  1 - i) ~ ~s}. 
Secondly, 

(true,p, 1} E ~s~ 
A 

for some i E s, ~mb(s, i} = (true,p, 1> 

for some p'  E PropR, (true,p',  1 / E s a n d  ~mb(s,p'} =p 

for some p' E PropR, 

s ~ p' and ~mb(s ,p '  / = p since s is weak 

for some p'  E PropR and some s' C_ s, 

Is',p'l E SuppR and ~mb(s ,p ' )  = p 

for some p' E PropR, 

(s,p') E SuppR and ~mb(s,p') = p by L e m m a  18 

p E Suppa. by Proposi t ion 15 

Finally, 

(true,p, 0) E ~s} and p E SuppA 
A 

for some i E s, *rob(s, i) = (true,p, 0) and p E SuppA 

=~ for some p' E PropR, 

(true,p',  0) E s and ~mb(s ,p ' )  = p and p E SuppA 
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=~ for some p~ C PropR, 

(true,p', 0) C s and ~rab(s,p') E SuppA 

=~ for some p~ E PropR, 

(true, p~,0) E s and (s,p') E SuppR by Proposition 15 

=> for somep ~ E PropR, (true,pt, 0) E s and s ~p t  

contradiction, since s is weak 

Therefore, 
if (true,p, 0) E ~s} then p fL SuppA. [] 

If  ER C ContrR, ifA E ContA, W is a class of Russellian infons and 
s c SituA such that 

W ~ ~Io~" (~r) iff ~2:pA cA (s, Or) E SuppA 

for each cr C Sent then call s a if R, if;a-mirror of W. 

LEMMA 21. I f E  E ContrR, W is a class of  Russellian infons ands is a E- 
window of  W then ~s} is a E, s �9 g-mirror of W. 

Proof 

r (s, ~:p~(cr)) E SuppR 

r ~mb(s, ~:p](cr)) E SuppA 

s *~  r e~p, 4 {~s}, or) E Suppa. 

since s is a g - w i n d o w  of W 

by Proposition 15 

by Proposition 17 [] 

THEOREM 22. THE REFLECTION THEOREM. l fER  E ContrR 
and W is a weak class of  Russellian infons then there is some s E SituA and 
some EA E ContA such that s is a weak ER, EA-mirror of W. 12 

Proof By Theorem 19, there is some s ~ E SituR such that s ~ is a weak 
ER-window of W. Let 

s - -  

and 
E A ~- S / * E R . 

Then s is a weak (by Lemma 20) ER, EA-mirror of W (by Lemma 21). [] 
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A P P E N D I X  1 

The Liar (pages 68-74) and this paper  define Russellian expression 
very differently, but  this appendix shows that  if cr is a sentence and c 
is one of  The Liar's Russellian contexts then 

91(Exp(~, c) ) = e~p~(~) 

where 9t is as in Note  4 and E = 91 o c. 
Let e be one of  The Liar's Russellian contexts. I f  ~ E Sent, p E Sent and 
i E {0, 1} then let W~r, p, i~ E Atom. Let X be the system of  equat ions 

3EI(has x y), p, 1~ = [x H y], 

�9 I (h .s  x y), p, = {x 

~I(believes x or), p, 1]] = Ix Belie, p, 1~], 

~I(believes x or), p, O~ = [x Be@r, p, 1~1, 

~(be l ieves  x this), p, 1~ = [x Bel~p, p, 1~], 

~[(believes x this), p, O~ = [x BelIp, p, 1~], 

~I(believes x that/), p, 1~ = [x Bel c(thati)], 

~[[(believes x that/), p, 0~ = [x Bel c(thati)], 

3s or), p, 1~ = [TrI~, p, 17], 

3;[(true or), p, 07 : [rrlc~, p, 1~], 

�9 [F(true this), p, 1~ = [Trip , p, 1~], 

3s this), p, 0~] = [Trip, p, 171, 

t I ( t r u e  that/), p, 1~ = [Tr c(thati)], 

�9 E(true that/), p, O~ = [Tr c(thati)], 

3[~not r : 3i~a,p, m - i ~ ,  

~I(crl and or2), p, 1~ = [A{[[al, p, 1~, Icr2, p, 1~}], 

~I (a l  and or2), p, 0~] = [V{[[al, p, 0], [~2, P, 0~}1, 

3E[F(~rl or < ) ,  p, 1~ = [v{IOl, p, 1~, Icr2, p, 1~}], 

3s or a2), P, 0~ = [A{[[~I, p, 07, [~2, P, 07}], and 

+ . ,  p, = 
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Let C : {ql ,q2,q3, . . .}  --+ PROP by 

C(qi)  = c(thati).  

If  cr E Sent then let ~3~ : {p} ~ Sets by 

% ( 0 )  = Vat(~ 
and let ~ be the solution of  !t3~. For  each ~r E Sent and p 6 Sent, put 

~cr ,  p, I~ = (2(~p(Val(cT))), and 

~ ,  p, 0~ = e(~(Val(~))) .  

PROPOSITION 23. ~ # a solution of  Y~. 
Proof. For  each cr 6 Sent, p 6 Sent and i 6 {0, 1}, 

by induction on the complexity of a. The induction is straightforward 
except for two cases. Firstly, 

= c(%(Val(+ ~))) 

= C ( ~ p ( ~ ( p ) ) )  since ~ is the solution of  p = Val(a) 

= ( ; ( ~ ( p ) )  since p does not occur in ~ ( p )  

= C(~(Val(cr)))  since ~ is the solution of ~ 

= ~[o- ,  o-, 1]] 

= r o-, l ])  by the inductive hypothesis 

= ~(3s + or, p, 11). 

Secondly, 

= c(~(~al(l ~))) 

= C ( ~ p ( ~ ( p ) ) )  since ~o is the solution of p = Val(cr) 

= C ( ~ ( p ) )  since p does not occur in ~ ( p )  
N 

= C(| since ~ is the solution of  ~ 

= c ( ~ ( v ~ l ( ~ ) ) )  
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= ~ ) ~ ,  ~,o~ 

= ~ ( ~ , ~ , o ~ )  

= ~ ( ~  ~ ~,p,  o~). 

by the inductive hypothesis 

[] 

Let E = 9t o c. For each o- E Sent, p E Sent and i E { 0 ,  1} ,  put 

3~cr, p, i~ = 91-1 (~fl~R(O" ,/9, i)). 

PROPOSITION 24. 3 is a solution of  3L 
Proof For each cr E Sent, p E Sent and i E {0, 1}, 

3~cr, p,i~ = 3(~cr ,  p, iJ]) 

by induction on the complexity of c~. [] 

The Liar only expresses sentences without unscoped occurrences 
of this. Call such a sentence closed. By induction on the complexity of 
a, if cr is a closed sentence then p does not occur in Val(~r). Thus, if ~r 
is a closed sentence then 

Exp(cr, c) 

= (2(Val(cr)) 

= ~ ( ~ ( V a t ( ~ ) ) )  

Therefore, if cr is a closed sentence then 

91(Exp(~, c) ) 

= 91(~.D~cr, ~r, 1~) 

= 9 1 ( 3 ~ ,  ~, 17) 

= ~a l~ (~ ,  ~, 1) 

since p does not occur inVal(c~) 

by Propositions 23 and 24 
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APPENDIX 2 

The Liar (pages 139-143) and this paper  define Aust inian expression 
very differently, but  this appendix shows that  if cr is a sentence and 
c~ is one of  The Liar's Aust inian contexts then 

where 9~e and 9~s are as in Note  5 and E = 9.1/, o c. 
Let Cs be one of  The Liar's Aust inian contexts, i f  cr E Sent, p E Sent 

and i E {0, 1} then let ~r, p, i~p E A tom and ~ ,  p, i~r E Atom. Let 3~ be 
the system of  equat ions  

t(~cr, p, i~p) = {s; ~a, p, i~T}, 

�9 (~(has x y), p, i~T ) = [H, x, y; i], 

X(~(believes x or), p, i~r  ) : [Bel, x, ~a, p, l~e; i], 

3E(~(believes x this), p, i ~T ) = [Bel, x, ~p, p, l~e; i], 

~(~(believes x thatj), p, i~T ) = [,el, x, c(thatj); i], 

3~(~(true or), p, i~r ) = [Tr, ~cr, p, l~e; i], 

~([[(true this), p, i~T ) : [ Tr, ~p, p, l~e; i], 

3~([[(true thatj), p, i~T ) = [Tr, c(thaty); i], 

�9 ([[(not a, p, i~T ) = X(~cr, p, 1 -- i~T), 

3E(~(al and o2), p, I~T ) = [A{~oq, p, I~T , [[o2, p, I~T)}], 

a;(iE(,~ a,,d ,,2), p, % )  = Iv{I,,,, p, % ,  ~,~, p, %)] ,  

~(~(o-, or a2), p, I~]T) = [V{[[O'l,p, 1"lIT, [[0"2, p, I'~T)}], 

�9 (~(~ or ,,~), p, o ~ )  = [A{~I,  p, 0]i~, 1["~, p, oL-)], and 

a;(~ ~ ~, p, i5-) = X @ ,  o-, @ .  

Let C : {s, q l , q2 ,q3 , . . . . }  ~ P R O P  by 

C(s) = s, and 

C(qi) = c(thati), 
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If ~ E Sent then let ~3~ : {p} --+ Sets by 

~3o(p) = Val(a), 

and let ~ be the unique solution of ~3~. For each cr E Sent and p E Sent, 
put 

gO(~, p, l~e) = C.(~p{s; rype(Val(cr))}), 

gO @r, p, 0~e ) = C ( ~ { s ;  Type(Val(c~))}), 

gO(~a, p, l~r) = (2(~(Type(Val(a)))),  and 

gO(~a, p, O~r) = C.( ~p( Type( Val(~r) ) ) ). 

By induction on the complexity of  ~r, if c~ E Sent then 

Val(a) = {s ; Type(Val(~r))}. 

PROPOSITION 25. gO is a solution of Y.. 
Proof. For each c~ E Sent, p E Sent and i E {0, 1}, 

gO@, p, ;~) = ~ (~@,  p, @ ) ,  

and, by induction on the complexity of er, 

gO@, p, i~)  = ~b(~@, p, i~)). 

The induction is straightforward except for two cases. Firstly, 

= C(~p(Type(Val(l c~))) 

= C(~p(Type(~o(p)))) since ~ i s  the solution ofp  = Val(cr) 

= C.(Type(~o(p))) since p does not occur in Type(~(p))  

= (2(Type(~(Val(~)))) since ~ is the solution of  ~ 

= C(~o(Type(Val(~r)))) 

= gO@r, or, l~r ) 

~ ( 5 @ r , a ,  l~r)) by the inductive hypothesis 

~(~(~ 1 ~, p, 1~)). 
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Secondly, 

V(~ t ~, p, 0~)  

= C ( ~ ( T y p e ( V a l ( +  a)))) 

= C (~p (Type(Go(p)))) since ~ i s  the solution of p = Val(cr) 

= (2 (Type (~ (p ) ) )  since p does not occur in T y p e ( ~ ( p ) )  

= C(Type(~(Val (cr ) ) ) )  since ~ is the solution o f ~ o  

= (:(~(Type(Val(a)))) 
= (2((~(Type(Val(~7)))) 

= ,~@, ~ ,  0 ] ~ )  

= ~(:s or, 0~T)) by the inductive hypothesis 

= '~(~([ ,L o-, p, o]],0). [] 

Let E = 9Xp o c. For each o- E Sent, p E Sent and i E {0, 1}, put 

3(~a, p, i~p) = 9.I~ ~ (~Ja~ A (gXs(S), or, p, i)), and 

3([~r, p, i~r ) = 9.171 ( ~ - ~  (9.Is(S), or, p, i)). 

PROPOSITION 26. 3 is a solution o f  ~. 
Proof  For each ~ E Sent, p E Sent and i E {0, 1}, 

3 @ ,  P, i~p) = 3 ( ~ @ ,  P, @ ) ,  

and, by induction on the complexity of or, 

3@-, p,/L-) = 3(:~(~o-, p, iL.)). [] 

The Liar only expresses sentences without unscoped occurrences 
of this. Call such a sentence closed. By induction on the complexity 
of or, if ~ is a closed sentence then p does not occur in Val(cr). Thus, if 
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cr is a closed sentence then 

Exp(a, cs) 

= C(Val(a)) 

= C(~o(Val(cr))) since p does not occur in Val(o-) 

= C(~{s ;  Type(Val(~))}) 

= ~(~cr, a, l~p). 

Therefore, if a is a closed sentence then 

cs)) 
= l p)) 

: ~p(3(~cr, ~, lie)) 

= 

by Propositions 25 and 26 
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N O T E S  

I Exercise 28 (The Liar, page 68) gives Aczel's definition. 
2 An  infon is "a  state that  affairs may  or may  not  be in" or a "possible fact" (Barwise, The 
Situation in Logic, pages 182 and 225). This paper prefers Keith Devlin 's  term ' infon'  over 
The Liar's term 'state of  affairs'. 
3 The Liar's formal language describes a card game between Claire and Max. The Liar's 
syntax (The Liar, pages 30-33) has  a name for each player, a name for each card, a 
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predicate that  indicates a player has a card, a predicate that  indicates a player believes a 
proposition, a predicate that  indicates a proposition is true, a sort for those terms that  
indicate players, a sort for those terms that  indicate cards and a sort for those terms that 
indicate propositions. Thus, for The Liar, 

Name = {claire, max, 2&, . . . ,  AIk}, 
Pred = {has, believes, true}, 
Sort = {player, card, prop}, 
|  = player, 
~or t ' (max)  = player, 
| = card, 

Got (  (A& ) = card, 
pitit(has) = (player, card), 
Pkit(believes) = (player, prop}, and 
Pitit(true) = (prop). 

The Liar's syntax and this paper 's  syntax generate sentences that  only differ cosmetically. 
For  example, The Liar's syntax generates the sentence 

(claire believes((max has 3&)V l true(this))) 
where this paper 's  syntax generates the sentence 

(believes claire((has max 3&) or ~ (true this))). 
The Liar's sentences more closely resemble English sentences, while this paper 's  sentences 
avoid the issue of language specific word order. 
4 The Liar (pages 60-68) and this paper define Russellian models very differently, but they 
define isomorphic models. ~1t : P R O P  ~ PropR by 

9t([a H c]) = (has, a, c, 1), 
~R([a H-'-H~) = (has, a, c,O), 
9t([a Bel p]) = (believes, a, 9t(p), 1), 
9t ( f f  Bel p]) = (believes, a, 9t(p), 0), 
~([rr PD = (true, ~(p) ,  1>, 
~ ( ~ )  = <t~e, ~(p) ,  0), 
9{([AX]) = <A, {9{(x)lx E X}), and 
~([vx]) = <v, {~(x)lx ~ x}) 

is a bijection. 
s The Liar (pages 122-126) and this paper define Austinian models differently, but they 
define isomorphic models. 9.I? : P R O P  ---* PropA, ~ :  : SOA -+ InfoA, 9.Is : S I T  ~ SituA 
and 9 / r  : T Y P E  ~ Typea by 

2Ip({s; t}) = <~s(s), 9.It(t)), 
9.ir(<H, a, c; i>) = (has, a, c, i>, 
9.1i(<Tr, p; i>) = <true, 9~?(p), i>, 
9~l((Bel, a,p; i)) = (believes, a, 9~?(p), i), 
9.Is(x) = {9.1i(i)li r x},  

eXr([AY]) = (A, {~r(y) ly  c Y}), and 
~IT([VY]) = (v, {~T(Y)IY c Y}) 

are bijections. 
6 What  this paper calls a weak model of an Austinian world, The Liar (page 131) calls a 
partial model of  an Austinian world. 
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7 Unlike The Liar, this paper allows a context to assign a that demonstrative a sentence 
instead of  a proposition. This lets sequences of statements - such as those using sentences 

~rl = (true that2) 

and 

a2 = not(true that1) 

where that1 indicates the proposition expressed by a statement made using sentence al and 
that2 indicates the proposition expressed by a statement made using sentence a2 - to be 
interpreted without recourse to The Liar's propositional indeterminates (The Liar, page 
69). 
8 The Liar (pages 68-74) and this paper define Russellian expression very differently, but  
appendix 1 shows that  if a is a sentence and c is one of  The Liar's Russellian contexts then 

~(exp(~, c)) = e rp~(o)  

where ~1 is as in Note 4 and • = ~ o c. 
9 TheLiar(pages 139-143)andth ispaperdef ineAus t in ianexpress ionverydi f fe ren t ly ,  but  
appendix 2 shows that  if a is a sentence and cs is one of The Liar's Austinian contexts then 

~ 

where 9Ap and 9,Is are as in Note 5 and E = 9Ae o c. 
10 Due jointly to Peter Aczel and the author.  
11 A window is the RusseUian counterpart  of  The Liar's mirror (The Liar, page 156). 
12 This version of  the Reflection Theorem generalises The Liar's version (The Liar, pages 
156-161) in three ways. 

1. It handles contexts naturally. 
2. W is a weak model (The Liar, page 78), not  a maximal  model (The Liar, page 84). 
3. s is a partial model (The Liar, page 131), not  a possible situation (The Liar, page 131). 
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